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1 Notations

In each following equation h is the time step, xx,vx,a; the position, velocity
and acceleration at the time step k, K the stiffness, M the mass, r,, the

rayleigh mass, 7, the rayleigh stiffness and F,,; the external forces.

2 FEuler solver

2.1 EulerExplicit solver

It is the simplest time integration solver.
The integration scheme is based on the following equations:
Vg1 = U + hay

Tpy1 = T + hoy,

2.2 EulerImplicit solver

It is a semi-implicit time integrator using backward Fuler scheme for first
and second degree Ordinary Differential Equations (ODE). This is based on
[Baraff and Witkin, Large Steps in Cloth Simulation, SIGGRAPH 1998|

The integration scheme is based on the following equations:

o Fexty+vg(—(rg+h)K—rmM)
Ukt1 = vp + R h(h+ri) K +(1+hrm) M

Tpy1 = T + hoy



3 Newmark solver

It is an implicit time integrator using Newmark scheme. The implementa-

tion computes a; directly then solves the first equation to compute a1, and

finally computes the new velocity vxy; and the new position xx, ;. In Sofa

one uses for Newmark coefficients v = 0.5 and [ = 0.25.

cstAce = (=rp(l—=~v)M — h(0.5 — B)K —rk(1 —v)K)

a _ Fextp+hxcst Acckay,+cstVelxvy,
k1 = TR2Bthyr) K+(1+hyrm) M

estVel = (—=rpM — (h+1)K)
Vg1 = Vg + h(1 — ¥)ag + hyagq

Thy1 = Tk + hvk + 05h2(1 — ZB)ak + h2ﬁak+1

4 VariationalSymplectic solver

It is explicit and implicit time integrator using the Variational Symplectic
Integrator as defined in: Kharevych, L et al. Geometric, Variational Integra-
tors for Computer Animation. ACM SIGGRAPH Symposium on Computer

Animation 4 (2006): 4351. p is the momentum.

4.1 VariationalSymplecticExplicit solver

_ 2(Fextp+pr—hrmvM)
Vk+1 = M

Prtr1 = Mugq

Tpt1 = Tg + hogy



4.2 VariationalSymplecticIlmplicit solver

The current implementation for implicit integration assume alpha = 0.5
(quadratic accuracy) and uses several Newton steps to estimate velocity. We
have 3 state variables: position ¢;, the velocity v; and the momentum p;
initialized such that py = Muy.

2 steps are required for this solver:

Step 1: Find the new velocity v;y; by minimizing Lylian energy.
The Lilyan L energy is the sum of kinetic energy, elastic energy and damping;:
L(vpt1) = 2ol Mogyr + AW (g + Bogir) — hprvge

To minimize this energy we solve the non-linear system of equations:
OL(Vp41) = 0 = hMuvjqq — %QF((]k + Bujg1) — hpy,

where F() is the force associated with the potential energy (opposite gradient)
Finding the roots of the non-linear equations can be done performing several
newton steps by linearizing the force around ¢ + %vkﬂ =q*

This is an iterative process:

e Define ¢ as the current estimate of ¢*. The objective is to find ¢* such

that: 2% M(q¢* — qx) — %QF(q*) —hpr, =0

e Search for d¢; = g, — qi by linearizing the force around ¢;' At the end
we have: (%M — K)0q; = F(q) — K()0gi—1 + %pk

This iterative process stops when the maximal number of newton iterations is
reached or when the required accuracy of the estimated position ¢* is reached.

At the end we obtain the velocity for the next time step: v, = w

4



Step 2: Update the new position q and the new momentum p

Qk+1 = Qk + hvgs

Pri1 = Mok + 1+ %q;‘H

Energy conservation:
This solver enables to conserve the Hamiltonian energy.

¢
_ DPrya Mpg11
EHamiltonian - ) + Epotential

Some tests in modules/SofalmplicitOdeSolver /SofalmplicitOdeSolver _test show
the energy conservation for a mass spring-system but also for a planet-sun
system.

For example you can have a look at the example scene:
examples/Components/solver /VariationalSymplecticSolver.scn

It is an embedded beam with FEM force field. This scene uses the implicit
variational solver and as you can see on the generated file energy.txt the

Hamiltonian energy is constant.

5 RungeKutta

It is a popular explicit time integration method, much more precise than

euler explicit solver.



5.1 Runge Kutta second order

It is the Runge-Kutta method with order 2 or the middle point rule. Func-
tions are evaluated two times at each step.

At time t + h/2

_ 1
Tppl = Ty + §hvk

_ 1
Uk+% = v + §hak

Fewthr%
ak+% = m
At time t+h

Tppr = T+ hox v

vk+1zvk—|—h*ak+%

Fexty 1

Ak+1 = —,

5.2 Runge Kutta fourth order

It is the Runge-Kutta method with order four. Functions are evaluated four

times at each step.

Variables
stepBy2 = % stepBy3 = % stepBy6 = %
At time t :
e Step 1
klv = vy,
kla = a
e Step 2



k2x = xp + klv x stepBy?2
k2v = v, + kla * stepBy?2
k2a = (Fextseppyo(k2z, k2v))/m

e Step 3
k3x = xp + k2v * stepBy?2
k3v = vy, + k2a * stepBy?2
k3a = (Fextgeppy2(k3x, k3v))/m

e Step 4
kdx = x, + k3v x h
kdv = vy, + k3a * h
kda = (Fextyq(kdx, kdv))/m

At time t + h :

Tri1 = T + klv x stepBy6 + k2v * stepBy3 + k3v * stepBy3 + kdv x step By6
Vky1 = Vg + kla x stepBy6 + k2a * stepBy3 + k3a * stepBy3 + kda * step By6

aps1 = (Fextk +1)/m

6 CentralDifference solver

It is an explicit time integrator using central difference (also known as Verlet
or Leap-frog). The equations are separated in two cases: either the rayleigh

mass is null or not.

e ifrm=20



. Feilftk+1
ak+1 = —,

Vg1 = Uk + hagi

Tht1 = Tg + hogy

ifrm! =0

. F€$tk+1
A1 = —,

cstVel
Vpp1 = cstVel x vy + cstAce x ay,

cstAcc

Tht1 = Tp + hogy




